Introduction
In this note, we describe an interpolation inequality for solutions to the Ricci flow. This inequality is motivated by the following classical inequality due to Prékopa and Leindler:
Theorem 1 (Prékopa [6] ; Leindler [3] ). Fix a real number 0 < λ < 1. Moreover, let u 0 , u 1 , v : R n → R be nonnegative measurable functions satisfying v((1 − λ)x + λy) ≥ u 0 (x) 1−λ u 1 (y) λ for all points x, y ∈ R n . Then
Cordero-Erausquin, McCann, and Schmuckenschläger [1] , [2] generalized this inequality to Riemannian manifolds. The proof of that result relies on ideas from optimal transport theory (see e.g. [8] ).
In this note, we study an anologous problem for solutions to the Ricci flow. To that end, we replace the ordinary Riemannian distance by Perelman's Ldistance (cf. [5] ). The theory of L-optimal transport was developed in recent work of Topping [7] (see also Lott [4] ). Among other things, Topping proved an interesting monotonicity formula for the L-Wasserstein distance on the space of probability measures. Lott [4] established a convexity property for entropy along L-Wasserstein geodesics.
To fix notation, let M be a compact manifold of dimension n, and let g(t), t ∈ [0, T ], be a one-parameter family of metrics on M . We assume that the metrics g(t) evolve by backward Ricci flow, i.e. ∂ ∂t g(t) = 2 Ric g(t) .
Following Perelman [5] , we define the L-length of a path γ :
Moreover, the L-distance is defined by
We now state the main result of this note:
By sending τ 0 → 0, we recover the monotonicity of Perelman's reduced volume.
Proof of the main result
The proof of the main result relies heavily on Topping's notion of Loptimal transportation (cf. [7] , [4] ). Without loss of generality, we may assume that
Following Topping [7] , we consider the optimal transport problem
where the infimum is taken over all probability measures π on M × M satisfying
and
We now summarize the main results established in Topping's work [7] (see also [8] , Theorem 10.38). First, there exists an optimal probability measure π. This probability measure π is of the form
where ϕ : M → R is a reflexive function in the sense of [7] and ∇ϕ denotes the gradient of ϕ with respect to the metric g(τ 0 ). By Theorem 2.14 in [7] , there exists a set K ⊂ M such that M \ K has measure zero and the function ϕ admits a Hessian at all points x ∈ K.
Proposition 3. Fix a point x ∈ K. Then
Proof. Let us define a path γ : [τ 0 , τ 1 ] → M by γ(t) = Ψ t (x). Clearly, γ is an L-geodesic. Let us fix vectors {e 1 , . . . , e n } ⊂ T x M such that e i , e j g(τ 0 ) = δ ij . Let e i (t) be a vector field along γ such that e i (0) = e i and D d dt e i (t) + Ric g(t) (e i (t)) = 0
. Moreover, Topping [7] showed that
where M (t) is a symmetric n × n matrix and 2 tr(M (t)) = ∂ ∂t scal g(t) (γ(t)) + 2 ∇scal g(t) (γ(t)), γ ′ (t) g(t)
− 2 Ric g(t) (γ ′ (t), γ ′ (t)) + 1 t scal g(t) (γ(t)).
Since M (t) is symmetric, we conclude that the matrix A ′ (t) A(t) −1 is symmetric for all t ∈ [τ 0 , τ 1 ]. Argueing as in the proof of Lemma 3.1 in [7] , we obtain
) by definition of the L-distance. This implies
= 2 tr(M (t)) (cf. [5] , equation (7.3) ). Putting these facts together, we obtain
Hence, if we write
then the function h is convex. Since
If we rearrange terms, the assertion follows.
Proof. By assumption, we have
Using the previous proposition, we obtain
Since u 0 (x) = u 1 (Φ(x)) det(DΦ) x , the assertion follows.
Proposition 5. We have
Proof. Using the change of variables formula (cf. [8] , Theorem 11.3), we obtain
This completes the proof.
Relation to Perelman's reduced volume
In this final section, we discuss how the main theorem relates to Perelman's reduced volume. To that end, we fix τ and τ 1 , and take the limit as τ 0 → 0.
Let us fix a point p ∈ M and real numbers 0
For τ 0 > 0 sufficiently, we denote by B(p, √ τ 0 ) the geodesic ball of radius √ τ 0 in the metric g(0). We can find a positive constant N such that
for all points x ∈ B(p, √ τ 0 ) and all points y ∈ M . The constant N may depend on τ and τ 1 , but not on τ 0 . As above, we write
We now specify the functions u 0 and u 1 . Let
It is straightforward to verify that τ
for every minimizing L-geodesic γ : [τ 0 , τ 1 ] → M . Consequently, Theorem 2 implies thatṼ
whereṼ (τ ) denotes the reduced volume at time τ . We now pass to the limit as τ 0 → 0. Clearly, λ → 1 and
Hence, the integral M u 0 dvol g(τ 0 ) converges to a positive real number as τ 0 → 0. Since λ → 1, we conclude that 
